
Introduction to Braver Manin Obstruction .

⑤Motivation .

R : Given y
= 35+2 :

Find a rational solution for the equation .

Idea :

Try 61= yeI such that max(1al . 1b), (2) , (d)] <B
-

keep searching by enlarge B . a constant
.

"heught"
If there is such rational solution , we can find one by this method .

If there is no rational solution
,
we can't determine it by

searching .

R: How to determine solution set is empty ?

More generally .

For a rig R , we want to determine when the scheme

X = VCfist2 -fr) = Econom .. an ERY) J, =t = ... =+n = 0)
has a solution in R"

where Fi is a polynomial with coefficient R .

vie fi GRIX ,
... xn]

Notation XCR) = /R solutions of X3



= 9 R-valued points of X3

=HomC Speck , X) .

RIX. . . . Xn]
= Hom(- ; R)

Ct , ... (n)

A Assume X is a finite type scheme cover ring R .

for the whole talk .

Ring R

I
I an algorithm to determine if X(R) = 0
I Yes

R Yes

#p Yes

⑪p Yes

R ?

(p(t) I No

R No

⑪What is
p .

(local field) ?

y = 304 + 2 modp. 3
solution i 2

y2 = 364 + 2 modp" in "pix
y2 = 30+

2 modp in Yp32

j



i

Take inverse limit , 2p := him 2

Up is the fractional field of integral domain 2p.

or (Op=4p & Q . )

By construction, we know

X(Q) +P => X(Rp)F/
Generally .

Given a number field K .

and a prime v

we can construct a local field ku

Similarly . X(k) = => X(K) = 0

Now we know -
we have algorithm to determine

X(K) < XCkr) if XCku) =0 .

So X(K) < #XCkr)
Right hand side is a product of infinite term. It seems to be

not computable any more. We take a subset of it .

Adelic point of X : X(A) < IXCKr).

computable-
As : TCKr

, Or = (e) E Trkr)#rIoOr] <O]
V



If X is smooth projective geometrically integral variety
then X (AK) = I (XCKr) , XcOvi).

XCK) <> X (Ap).
I We have algorithm

Now
to determine X(AK) =0

R :

what I X(AK) #4.

how can we determine if X(K) = ↑ ?

Idea :

Find a Set F. such that XCK) CT c XCAAK).

such that I algorithm to determine if T= 0

Even if X(AK) +P, if we determine I=f ,
then we can

also determine X(K) = 0
T is called the obstruction

Tha : XCk) < X(A1)
Br
c XCAK)

.

XCAKBU is called Brauer-Manin obstruction
.

? Brawer groups.
BrIk) = Het) speck, Gm)

=> HCGR
,
(Rex) where GrGal(RR)

.

= E central simple algebras overk]In



Let A be a finiten dimensional Kagebra
A is called simple if A doesn't have nontrivial two side idea .

A is called central if center of A is k .

Central simple algebra of A over R / A is thite dimensional
.

kalgebra that is central and simple.

Ex
.
Matrix agebra Mulk) is central simple algebra .

EX
.

Halmilton's quaternion agebra H over IR is central simple
algebra .

[central simple algebra over KI

Define equivalent relation

An B i AXMalk) = BRkMinK) for some integer
Mo c .

Define Multiplication .

[A] x [B] = [AQ,B]

AOPP is the opposite algebra of A .

i
. e . 9

APP= A as a set. (Vector space)
muplication in ArxY = you

A & APP = MnCk)
. lian

.So E] has inverse .

Brik) = E central simple algebra overl is agroup
.



Braner groups of schemes
.

Dof : BrIX) = HeE(X, Gm)

Remark : It is also possible to generalize the third definition .

Dy : An Azumaya algebra is a coherent Ox-algebra A such
that for any point OEX, the Liber Ap

,

RIX) is a

central simple algebra over the residue field kexs

Two Azumaya algebra are similar to each other of there are

locally free sheaf E , and Es such that

A
,
EndE, An p,

End Er
Ox

The similarity class of Azumaya algebra forms a group.
If X is regular and quasi-projective , then the

group
is is x)

⑤Braner - Maai obstruction
· BrC-) = Het) - , Gm) is a contravarrant functor

i.e
. 5 : X- Y morphism of scheme

,

then it induced f
*: Br(Y) -> Br(X)

XCK) - X(k)
11 11

Hom(Spec K, X) Hom(Speck , X) .

2- Ar



k
V
speckspec ->-Xin
Gr

a
*

BrIx) -> BrIN) -> Br(kr)
-

In other word .

***

Let A G BrCX).

XCK- X(k)

ex I Ya
Bulk) -> Br(K)

where 4x (2) = G*A .

Yv
,A
(Gv) = Gr A .

Hence X(k)-> TX(k)

ext +Y
,A

BrCk)-> TBr(Kr)

Recall
, we take a subspace X(AK) < TX(Kr)

It fit into such a commutative diagram .



XCK)<> X(kr)

t Nat
BriK-> BrCKr)

By class field theory
I

X(k)=> X(Ak)
+At j ↓ UA .

0 - BrCK)-> BrlKr)=M/x -0 .

(Br(kr) = 4)
For LEX(k)

20Ugov (A) = 20 jo4(A) = 0

Hence &E & &E X(AK) / 20VAC2) = 0> : XCAAK)
X(K) C XCAAD)

*

i
.
e

. XCK) CAX(AK)
A.

AGBrCX)
.

De : Braver Manin obstruction X (AR)
B*
= &X(Ak)

*

A EBrIX).
we can also . think it in this way .

X(AD) x Br(X) -> Q
(a, A) 1- I0V, (2).

X(AK)
A
consists of elements in XCAK) that is orthogonal to A .



XCAA)B" consists of elements in X(AK) Orthogonal to Br(X)

X(K) <X(A4)
Br
CXLAK)

&: Is it useful .

In theory , Yes
.

There are many examples such that

X(AR) + P , X(AK) Br = P.

We can use Bonner Manin obstruction to argue that X(K)
=0

In fact : typically expect XCAK)
*

IXCAAK)"Unless forced otherwise

In practice :
Not quite Yes .. Can be computed in several examples
but no genereral effective way to compute it.

can skip .CAssume X is a smooth projective variety over number (red Know.

Fact : It XCAK)
**

= ↑
,

there exists a finite set BCBrCX)

such that X(AK)
*
= P.

idea : Find subp BC Br(X) Such that X(AAK)
*
is computable

Def . We say B captures the Brauer-Manin obstruction

If X (AK)
B
=% => XLAAK)

B
=0

Theorem.⑪ If C is a smooth projective degree d genus /
curve

,
then Br(CId]) (completely) captures the Brauer-Manin

obstruction .

② If X is a smooth projective cubic obstruction
.

then

BrXI3] (completely) Captures the Braver-Manin Obstruction .



For most example in literature
, they show X (A)*** by show

XLAY A =0 for only one element A G Br(X)
But generally ,

we need a lot elements in Br(X) .

Fact : Let A
r, AnGBrIX) .

then
8

can

XCA4)
*

n XCAK)
*2
= 1 X(AK) SkipI UEEAYA? / :, j=z] Swe just need finite thegenerators A

:
of Br(X) .

and calculate Br(x)Ai , then take intersection

Thi Let N30
,

Char (k)#2
.

E number field , we don't care
.

-

I smooth projective geometrically integral variety X over global . field
Sit X(Ak)

B
= o but F subp BcBr(X) generated

by <N elements
,
X (AAK)

B
F P

.

⑤structure of Br(X).

Let :x -> speek be the structure morphism .

constantBro(X)=ImLTY : BrCK) -BrI)) Braner classes.
"

Fact : X (AK)
Bro(X)

= X(Ak)

XLAK)
Br

only depends on
Brix)/BroCX).

Hochschild-serve spectral sequence
to Galois cover x-X and shea

HP(Gr
,

HeECX
, Gm)) => He(X, Gm).



exact sequence of low degree terms
i
Br

,
(x>

0- PicX -> (Proy)
a
-> Brk -> Ker (BrIx)- BrIY))

-> H'C91
,
PicX) -> HCGp

,
kY)

"Wmber
field

.

O- BroCK) -> Br
,
CK):= Ker(BrIx) -> Br(x)) -> H'Gr, PicX) -O

The Hochschild-serve spectral seq alsogives.

of
,
-> (Bris)" -> Hilhp, PicX)

If we have a good understanding of Brix) and PicX as

BrCX)Galois modes
,

We can compute /BroX) .

Reference :

Rational points on varieties and the Braner-Manin obstruction
- Bianca Viray
The Brauer-Manin obstruction

-shelly Member


